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DISTRIBUTION SEMIGROUPS AND
ABSTRACT CAUCHY PROBLEMS

PEER CHRISTIAN KUNSTMANN

Abstract. We present a new definition of distribution semigroups, covering in
particular non-densely defined generators. We show that for a closed operator
A in a Banach space E the following assertions are equivalent: (a) A generates
a distribution semigroup; (b) the convolution operator δ′ ⊗ I − δ ⊗ A has
a fundamental solution in D′(L(E, D)) where D denotes the domain of A
supplied with the graph norm and I denotes the inclusion D → E; (c) A
generates a local integrated semigroup. We also show that every generator of
a distribution semigroup generates a regularized semigroup.

Introduction

Distribution semigroups in Banach spaces and their generators were introduced
by J. L. Lions in [16] as a generalization of C0-semigroups and their generators.
Like the generators of C0-semigroups the generators of the distribution semigroups
in [16] are densely defined. It was then shown in [16] that the densely defined
closed linear operators A that generate a distribution semigroup are exactly those
for which the convolution operator δ′ ⊗ I − δ ⊗ A where I denotes the inclusion
D(A) → E has a fundamental solution.

Treating Cauchy problems as convolution equations has turned out to be very
useful (see [6], [12], [13] and [14]). But in doing so the assumption that D(A) is
dense in E is unnecessary in most of the results.

On the other hand in the last years there has been an interest in dealing with
operators that are not densely defined, starting perhaps with [7]. Reasons for this
interest may be that it might not be so easy to decide whether a given operator is
densely defined and the difficulties that arise when passing from E to E∗ or l∞(E).

So the question how the theory of distribution semigroups introduced in [16] can
be extended to cover non-densely defined generators in such a way that the above
characterization via fundamental solutions holds seems natural.

It turns out that this indeed is possible in a way that even simplifies the original
definitions given in [16]. Moreover, the local strongly continuous representations
(see section 4) of the distribution semigroups thus obtained are exactly the lo-
cal integrated semigroups (for the distribution semigroups in the sense of [16] a
relation to local integrated semigroups has been obtained in [23], Theorem 5.6;
see also [15], Theorem 7.6 or [2], Theorem 7.2). So the theory presented here
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can be viewed as a unified approach to treating Cauchy problems via fundamen-
tal solutions, distribution semigroups or local integrated semigroups—without any
denseness assumptions.

The first section deals with preliminaries; in the second we introduce distribution
semigroups (DSGs) and more generally pre-DSGs. Section 3 is devoted to the
study of the generator of a DSG and the relationship to fundamental solutions,
and section 4 deals with local representations of a DSG as an iterated derivative
of a strongly continuous function and covers the relationship to local integrated
semigroups. In section 5 we show that every generator of a DSG generates a
regularized semigroup, a result that even in the dense case seems not to have been
stated elsewhere, while it is clear that the reverse implication is false in general (see
[8]).

The author wants to thank V. Wrobel for many helpful discussions, L. Weis for
preprints of [2] and [10] and V. Keyantuo for a copy of [15].

1. Preliminaries

We will use the following notations. R and C denote the real and complex scalar
field. N denotes the set of all positive integers and N0 the set of all non-negative
integers.
D denotes the space of all C∞-functions R → C with compact support supplied

with the usual inductive limit topology. We denote by DB the subspace of functions
in D with support in B ⊂ R and let D0 := D[0,∞[ for short. Further, let ∗0 denote
the convolution-like mapping given by

f ∗0 g(t) :=
∫ t

0

f(s)g(t− s) ds.

Notice that ∗0 : D × D → D is a bilinear, separately continuous mapping which is
moreover associative, symmetric and coincides on D0 ×D0 with the usual convolu-
tion ∗. If f is differentiable, then f ∗0 g is, too, and

(f ∗0 g)′ = f ′ ∗0 g + f(0)g.(1)

By a regularizing sequence we mean a sequence (ρn) in D0 obtained by ρn := nρ(n·)
from a ρ with

∫
ρ dt = 1.

If A is a linear operator in a Banach space E we denote the resolvent set of A,
i.e. the set of all λ ∈ C such that λ −A : D(A) → E is bijective, by ρ(A), and for
λ ∈ ρ(A) the resolvent operator (λ − A)−1 by R(λ,A). We denote the kernel of a
linear mapping T by KernT and the image of T by ImT .

For every Banach space X we denote by D′(X) the space of all continuous
linear mappings D → X supplied with the topology of uniform convergence on the
bounded subsets of D. We denote the set of all T ∈ D′(X) with suppT ⊂ [0,∞[
supplied with the induced topology by D′0(X). Notice that D′0(X) = D′0⊗̂πX since
D′0 is nuclear, the set of all elementary tensors is dense and D′0(X) is complete.

The definition and properties of the convolution of vector-valued distributions
can be found in [20] but the situation there is fairly general and the proofs are quite
involved whereas the elementary approach in [14], chapter 8, does not give the full
continuity property. For the convenience of the reader we will therefore state a
special version of Proposition 34 in [20], part II, sufficient for our purposes, and
give a proof which in this special situation is quite simple though the argument is
essentially the same as in [20].
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Proposition 1.1. Suppose X, Y and Z are Banach spaces and b : X × Y → Z
is bilinear and continuous. Then there is a unique bilinear, separately continuous
mapping

∗b : D′0(X)×D′0(Y ) → D′0(Z)

such that

(S ⊗ x) ∗b (T ⊗ y) = S ∗ T ⊗ b(x, y)(2)

holds for all S, T ∈ D′0 and x ∈ X, y ∈ Y . This mapping is moreover continuous.

Proof. It is clearly sufficient to prove the case Z = X⊗̂πY and b : (x, y) 7→ x ⊗ y.
Since uniqueness is clear from the denseness of elementary tensors all we have to
show is that the bilinear mapping

(D′0 ⊗π X)× (D′0 ⊗π Y ) → D′0 ⊗π (X ⊗π Y )

which is given by (2) is continuous. This is equivalent to its linearization

(D′0 ⊗π X)⊗π (D′0 ⊗π Y ) → D′0 ⊗π (X ⊗π Y )

being continuous. Since the convolution of scalar-valued distributions ∗ : D′0×D′0 →
D′0 is continuous (see [19]), its linearization ∗̂ : D′0 ⊗π D′0 → D′0 is continuous, and
we are done by the associativeness of ⊗π.

The convolution of Proposition 1.1 is also associative under obvious assumptions
on the bilinear mappings involved since ⊗π is associative.

2. Definition and elementary properties of pre-DSGs

Throughout this section E will denote a Banach space.

Definition 2.1. A pre-DSG is an element G ∈ D′0(L(E)) with

∀ϕ, ψ ∈ D : G(ϕ)G(ψ) = G(ϕ ∗0 ψ).(3)

We call a pre-DSG non-degenerate or a DSG for short if

N (G) :=
⋂
{KernG(ϕ) : ϕ ∈ D0} = {0}.(4)

We call (by abuse of language) N (G) the kernel space of G. A pre-DSG G is called
dense if

R(G) :=
⋃
{ImG(ϕ) : ϕ ∈ D0} is dense in E.(5)

In [16] the definition of a distribution semigroup is different from the one given
above, and we will consider the differences in Remark 3.13. The following lemma
makes clear the structure of a pre-DSG on its kernel space.

Lemma 2.2. If G is a pre-DSG in E, then N (G) is a closed subspace of E. Let
F := N (G) and H := G(·)|F . Then there is a T ∈ L(F ) and an integer m ≥ 0
such that

H =
m∑

j=0

δ(j) ⊗ (−1)jT j+1

and Tm+2 = 0. We call T the kernel operator of G.
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Proof. F is invariant under G because of (3), so H is well defined. We have
H ∈ D′(L(F )) with suppH ⊂ {0}. So there is an integer m ≥ 0 and operators
T0, . . . , Tm ∈ L(F ) with

H =
m∑

j=0

δ(j) ⊗ Tj .

Because of (3) all Tj commute, and for all ϕ, ψ ∈ D we get

m∑
j=0

m∑
k=0

δ(j)(ϕ)δ(k)(ψ)TjTk = −
m∑

j=1

j−1∑
k=0

δ(k)(ϕ)δ(j−1−k)(ψ)Tj ,

where we have used the equality

(ϕ ∗0 ψ)(j)(0) =
j−1∑
k=0

ϕ(k)(0)ψ(j−1−k)(0).

If we choose ϕ, ψ ∈ D with

δ(j)(ϕ)δ(ν)(ψ) = δ0jδkν ,

we get for each k ∈ {0, . . . ,m}:

T0Tk = −
m∑

j=1

δ(j−1)(ψ)Tj =

{
−Tk+1, k < m,

0, k = m,

from which the claim follows by induction.

On the other hand we can use Lemma 2.2 to construct pre-DSGs.

Example 2.3. Let T ∈ L(E) be nilpotent with order n. Then

G(ψ)x :=
n−2∑
j=0

ψ(j)(0)T j+1x

for all ψ ∈ D and x ∈ E defines a pre-DSG G in E with N (G) = E. Indeed, since
T n = 0 we have for ϕ, ψ ∈ D

G(ϕ)G(ψ) =
n−3∑
j=0

n−3−j∑
k=0

ϕ(j)(0)ψ(k)(0)T j+k+2

and

G(ϕ ∗0 ψ) =
n−2∑
j=1

j−1∑
k=0

ϕ(k)(0)ψ(j−1−k)(0)T j+1 =
n−3∑
j=0

j∑
k=0

ϕ(k)(0)ψ(j−k)(0)T j+2

=
n−3∑
k=0

n−3−k∑
ν=0

ϕ(k)(0)ψ(ν)(0)T k+ν+2.

Lemma 2.4. Suppose G is a pre-DSG in E. Let F := E/N (G) and q be the
quotient map. Then H(ψ)q(x) := q(G(ψ)x) defines an element H(ψ) ∈ L(F ) with
q ◦G(ψ) = H(ψ) ◦ q for all ψ ∈ D. The mapping H : ψ 7→ H(ψ) is a DSG in F .
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Proof. Let ψ ∈ D. We show that H(ψ) is well defined. So let x ∈ N (G) and
ϕ ∈ D0. Using (3) we get

G(ϕ)G(ψ)x = G(ψ)G(ϕ)x = G(ψ)0 = 0,

i.e. G(ψ)x ∈ N (G). So H(ψ) is well defined and we have ‖H(ψ)‖ ≤ ‖G(ψ)‖. So
H ∈ D′0(L(F )) and obviously H is a pre-DSG.

Let now y ∈ N (H) and x ∈ y. Then G(ϕ)x ∈ N (G) for all ϕ ∈ D0. Supposing

N (G) ∩ 〈R(G)〉 = {0}(6)

we get G(ϕ)x = 0 for all ϕ ∈ D0, i.e., x ∈ N (G), which implies y = N (G) = 0F .
So we have to prove (6). Let z =

∑
j G(ϕj)xj ∈ N (G) ∩ 〈R(G)〉. We choose a

regularizing sequence (ρn) in D0. Because of (3) and z ∈ N (G) we get

z = lim
n→∞

∑
j

G(ρn ∗ ϕj)xj = lim
n→∞G(ρn)z = 0,

and (6) is proved.

Remark 2.5. Let G be a pre-DSG. Then R(G) = 〈R(G)〉.
Proof. We only have to show that the right side is a subset of the left side. So let
y =

∑
j G(ϕj)xj ∈ 〈R(G)〉. Choose a regularizing sequence (ρn) in D0. Using (3)

we get
y = lim

n→∞

∑
j

G(ρn ∗ ϕj)xj = lim
n→∞G(ρn)y ∈ R(G).

The next lemma shows how to obtain a dense pre-DSG from a given pre-DSG.

Lemma 2.6. Let G be a non-dense pre-DSG in E. Denote by F the closure of
R(G) in E. Then G(ψ)|F ∈ L(F ) for each ψ ∈ D and H := G(·)|F is a dense
pre-DSG in F .

Proof. Let ψ ∈ D. Because of (3) 〈R(G)〉 is invariant under G(ψ), so F is also
invariant. This implies H ∈ D′0(L(F )). Obviously H is a pre-DSG in F . To prove
denseness we show R(G) ⊂ R(H). Let (ρn) be a regularizing sequence in D0 and
y = G(ϕ)x ∈ R(G). Using (3) we get

y = lim
n→∞G(ρn ∗ ϕ)x = lim

n→∞G(ρn)y = lim
n→∞H(ρn)y ∈ R(H).

The following lemma treats the dualization of pre-DSGs. Here M◦ ⊂ E∗[E]
denotes the polar of a set M ⊂ E[E∗].

Lemma 2.7. Let G be a pre-DSG in E. Then G(·)∗ is a pre-DSG in E∗ and we
have

N (G(·)∗) = R(G)
◦
.

If E is reflexive, then
N (G) = R(G(·)∗)◦.

So G(·)∗ is a DSG in E∗ if and only if G is a dense pre-DSG in E. If E is reflexive,
then G is a DSG in E if and only if G(·)∗ is a dense pre-DSG in E∗.

Proof. It is clear that G(·)∗ ∈ D′0(L(E∗)) and (3) holds. The first equation follows
from

〈x∗, G(ϕ)x〉 = 〈G(ϕ)∗x∗, x〉
for all x ∈ E, x∗ ∈ E∗ and ϕ ∈ D0 using Remark 2.5. To prove the second equation
remember the fact G(·)∗∗ = G for E reflexive and use the first equation.
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We give an example, both of a non-dense DSG and a dense pre-DSG that is not
a DSG, in a separable Hilbert space. The example is a modification of an example
in [17].

Example 2.8. Let m ∈ N. Denote by Hm the completion of Cm[0, 1] with respect
to the norm

f 7→ ‖f‖Hm :=
∑
α≤m

‖f (α)‖L2 .

Then Hm is a separable Hilbert space. We define for ϕ ∈ D and f ∈ Hm

G(ϕ)f := (ϕ ∗0 f)1[0,1].

Then G is a pre-DSG in Hm. Using a regularizing sequence we get N (G) = {0}.
On Cm[0, 1] the norm ‖ · ‖Hm is equivalent to the norm

‖f‖ :=
∑
α<m

‖f (α)‖∞ + ‖f (m)‖L2.

Thus R(G) ⊂ {f ∈ Hm : ∀α < m : f (α)(0) = 0}. Since m ≥ 1, G is non-dense.
By Lemma 2.7 G(·)∗ is a dense pre-DSG in the separable Hilbert space (Hm)∗, but
G(·)∗ is not a DSG.

3. The generator of a DSG

Denote by E ′0 the set of all elements of E ′ with support contained in [0,∞[. We
follow the idea in [16] while modifying the definition for our purposes. Let for this
section G be a DSG in E.

Definition 3.1. Let T ∈ E ′0. Then

G̃(T ) := {(x, y) ∈ E × E : ∀ϕ ∈ D0 : G(T ∗ ϕ)x = G(ϕ)y}.
(Note that T ∗ ϕ ∈ D0 for each ϕ ∈ D0.)

For T = −δ′ this definition has been used in [21] in a locally convex setting but
for G dense.

Remark 3.2. a) Using a regularizing sequence and (3) we see that in the definition
of G̃(T ) D0 can be replaced by D[0,ε] for each ε > 0.

b) Because of (4) G̃(T ) is a function. It is easy to see that G̃(T ) is a closed linear
operator in E for each T ∈ E ′0.

c) Obviously G̃(δ) = IdE and G̃(ψ|[0,∞[) = G(ψ) for all ψ ∈ D.

Because of Remark 3.2 c) we denote the operator G̃(T ) by G(T ). We define the
generator of G to be the linear operator G(−δ′).
Definition 3.3. The generator A of G is the closed linear operator A := G(−δ′).

We will give some examples. The first is a modification of an example in [10].

Example 3.4. Let Ω := {x+iy : x > 0, y > ex} and E := (H∞(Ω)∩Cb(Ω), ‖·‖∞).
Let A be defined by (Af)(z) := zf(z) with maximal domain. Then A generates a
DSG G in E which is given by

(G(ϕ)f)(z) :=
∫ ∞

0

ϕ(t)etz dt f(z)

for all ϕ ∈ D and f ∈ E. Note that there are no non-trivial exponentially bounded
solutions of u′ = Au in this example.
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In the next example A is a differential operator. A finite version with
⋂m

k=0

instead of
⋂

k≥0 appeared in [10], Example 5.20.

Example 3.5. Let

E := {f ∈
⋂
k≥0

Ck[k,∞[: f(0) = 0, ‖f‖E := sup
k

sup
t≥k

|f (k)(t)| <∞}.

Then letting G(ϕ)f := ϕ|[0,∞[ ∗f for ϕ ∈ D and f ∈ E defines a DSG G in E whose
generator is −d/dx with maximal domain.

Indeed, if ϕ ∈ D with suppϕ ⊂]−∞, n], then

(ϕ|[0,∞[ ∗ f)(k)(t) = (ϕ(k)|[0,∞[) ∗ f(t) +
k−1∑
j=0

ϕ(j)(0)f (k−1−j)(t),

for all f ∈ E, k ∈ N0 and t ≥ k. So we only have to estimate ‖ϕ|[0,∞[ ∗ f‖E. Since
suppϕ|[0,∞[ ⊂ [0, n] and f |[k−n,∞[ is a Ck−n-function we get for k > n and t ≥ k

(ϕ|[0,∞[ ∗ f)(k)(t) = (ϕ(n)|[0,∞[) ∗ f (k−n)(t) +
n−1∑
j=0

ϕ(j)(0)f (k−1−j)(t),

which implies

‖ϕ|[0,∞[ ∗ f‖E ≤
sup

k≤n
‖ϕ(k)‖L1 +

n−1∑
j=0

|ϕ(j)(0)|
 ‖f‖E.

So G ∈ D′0(L(E)), and clearly G is a pre-DSG. By Laplace transformation we see
that G(ϕ) is injective for each ϕ ∈ D0\{0}, so N (G) = {0} and G is a DSG. The
verification of the fact that A is the generator is easy.

We collect some properties of the operators G(T ).

Lemma 3.6. Let S, T ∈ E ′0, ϕ ∈ D0, ψ ∈ D and x ∈ E. Then
a) for all m ∈ N: (G(ϕ)x,G(T ∗ . . . ∗ T︸ ︷︷ ︸

m

∗ϕ)x) ∈ G(T )m.

b) G(ψ) commutes with G(T ).
c) G(S)G(T ) ⊂ G(S ∗ T ) with D(G(S)G(T )) = D(G(S ∗ T )) ∩ D(G(T )), and

G(S) +G(T ) ⊂ G(S + T ).
d) (G(ψ)x,G(−ψ′)x − ψ(0)x) ∈ A.

Proof. Let ϕ̃ ∈ D0. Using (3) we get

G(T ∗ ϕ̃)G(ϕ)x = G(T ∗ ϕ̃ ∗ ϕ)x = G(ϕ̃)G(T ∗ ϕ)x

which proves a) for m = 1. The rest is induction. Using (3) and the definition of
G(T ) we get

G(T ∗ ϕ̃)G(ψ)x = G(ψ)G(T ∗ ϕ̃)x = G(ψ)G(ϕ̃)G(T )x = G(ϕ̃)G(ψ)G(T )x

which proves b). If x ∈ D(G(S)G(T )), then

G((T ∗ S) ∗ ϕ̃)x = G(T ∗ (S ∗ ϕ̃))x = G(S ∗ ϕ̃)G(T )x = G(ϕ̃)G(S)G(T )x,

and if (x, z) ∈ G(S ∗T ), (x, y) ∈ G(T ), then by the definition of G(T ) and G(S ∗T )

G(S ∗ ϕ̃)y = G(T ∗ (S ∗ ϕ̃))x = G((S ∗ T ) ∗ ϕ̃)x = G(ϕ̃)z,
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from which we first get (y, z) ∈ G(S) and then (x, z) ∈ G(S)G(T ). If x ∈ D(G(S))∩
D(G(T )), then

G((S + T ) ∗ ϕ̃)x = G(S ∗ ϕ̃)x +G(T ∗ ϕ̃)x = G(ϕ̃)(G(S)x +G(T )x),

so c) is proved. Using (3) and (1) we get

G(−δ′ ∗ ϕ̃)G(ψ)x = G(−ϕ̃′)G(ψ)x = G(−ϕ̃′ ∗0 ψ)x
= G(ϕ̃ ∗0 (−ψ′)− ψ(0)ϕ̃)x
= G(ϕ̃)[G(−ψ′)x− ψ(0)x]

which proves d).

Corollary 3.7. If the DSG G is dense its generator is densely defined.

The following example shows that the inclusion in c) is proper in general.

Example 3.8. Let the DSG G be induced by a C0-SG with unbounded generator
A. Let S := ϕ ∈ D0 and T := −δ′. Because of D(A) 6= E we have

G(S)G(T ) = G(ϕ)A 6= G(−ϕ′) = G(T ∗ S).

We will need the following definition.

Definition 3.9. Let D be another Banach space and P ∈ D′0(L(D,E)). A funda-
mental solution for P is an element G of D′0(L(E,D)) satisfying

P ∗G = δ ⊗ IdE and G ∗ P = δ ⊗ IdD.

Since the convolution is associative, fundamental solutions are unique. The
importance of fundamental solutions is illustrated by the fact that if P has a fun-
damental solution G, then for each T ∈ D′0(E) the equation P ∗ U = T has a
unique solution U ∈ D′0(D) which is given by U := G∗T . The following theorem is
therefore the central key for studying Cauchy problems and justifies our definitions.

Theorem 3.10. Let A be a closed operator in E. Then A generates a DSG if and
only if there is a fundamental solution for P := δ′ ⊗ I − δ ⊗ A ∈ D′0(L(D(A), E))
where D(A) is supplied with the graph norm and I denotes the inclusion D(A) → E.

Proof. IfA generates the DSG G, then by Lemma 3.6 d) G is a fundamental solution
for P . So let G be a fundamental solution for P . We will show that G is a DSG
with generator A.

To show (3) let ψ ∈ D and x ∈ E. If U := G(·)G(ψ)x and V := G(· ∗0 ψ)x,
then U, V ∈ D′0(D(A)) and P ∗ U = δ ⊗G(ψ)x = P ∗ V . Since G is a fundamental
solution for P and the convolution is associative we obtain U = V which implies
(3).

To show (4) we proceed as in [16]. Let x ∈ N (G). Then the support of the
distribution G(·)x is contained in {0}. So (see [14], Lemma 8.1.1) there exist a
k ∈ N0 and elements y0, . . . , yk ∈ D(A) such that

G(·)x =
k∑

j=0

δ(j) ⊗ yj .

Since G is a fundamental solution we obtain
k∑

j=0

δ(j+1) ⊗ yj −
k∑

j=0

δ(j) ⊗Ayj = δ ⊗ x
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which implies yk = 0. By induction we get yj = 0 for all j ∈ {0, . . . , k} which
implies x = 0.

Let Ã denote the generator of G. If (x, y) ∈ A, then

G(−ϕ′)x−G(ϕ)y = 0

for all ϕ ∈ D0 since G is a fundamental solution. So (x, y) ∈ Ã, and consequently
A ⊂ Ã. This implies that D′0(D(A)) is an isomorphic subspace of D′0(D(Ã)).
Applying the first part of the theorem, we see that G is a fundamental solution for

P̃ := δ′ ⊗ Ĩ − δ ⊗ Ã.

So G∗ is an isomorphism from D′0(E) onto D′0(D(A)) and onto D′0(D(Ã)) which
implies D′0(D(A)) = D′0(D(Ã)) and hence D(A) = D(Ã).

In what follows, we will call a fundamental solution for δ′ ⊗ I − δ ⊗ A simply a
fundamental solution for A.

Proposition 3.11. Let G be a DSG with generator A. Then the following asser-
tions are equivalent:

a) G is a dense DSG.
b) G(·)∗ is a DSG in E∗.
c) A is densely defined.

Proof. Assume c). By Theorem 3.10 G is a fundamental solution for A. But then
G(·)∗ is a fundamental solution for the closed operatorA∗ in E∗. Applying Theorem
3.10 once more we get that G(·)∗ is a DSG in E∗ with generator A∗. So b) holds.
If b) holds we get from Lemma 2.7 and the theorem of bipolars

E = {0E∗}◦ = (N (G(·)∗))◦ = R(G)
◦◦

= R(G),

so G is dense, and a) holds. By Corollary 3.7, a) implies c).

Using Theorem 1.6 in [6] or Theorem 2.5 in [12] we get

Corollary 3.12. Let A be a closed operator in E. A is the generator of a DSG if
and only if there are constants α, β, C > 0 and n ∈ N0 such that

Λ := {λ ∈ C : Reλ ≥ α log(1 + |λ|) + β} ⊂ ρ(A)

and
∀λ ∈ Λ : ‖R(λ,A)‖ ≤ C(1 + |λ|)n.

For the proof we only have to note that by the resolvent equation ‖R(·, A)‖L(E)

is polynomially bounded on Λ if and only if ‖R(·, A)‖L(E,D(A)) is polynomially
bounded on Λ.

Remark 3.13. In [16] a distribution semigroup was defined to be an element G in
D′0(L(E)) satisfying

∀ϕ, ψ ∈ D0 : G(ϕ)G(ψ) = G(ϕ ∗ ψ),(7)

the conditions (4), (5) and in addition

∀ϕ ∈ D0, x ∈ E ∃u ∈ C([0,∞[, E)∀ψ ∈ D : G(ψ)G(ϕ)x =
∫ ∞

0

ψ(t)u(t) dt.

(8)

The definition in [16] requires for the u in (8) that u(0) = G(ϕ)x, but (7) implies
that u(t) = G(τtϕ)x for t > 0, and so this condition is automatically fulfilled by
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the continuity of u. We will call a G satisfying (7), (4), (5) and (8) a DSG-L for
the moment. The generator of a DSG-L G was in [16] defined to be the closure of
the closable linear operator

{(x, y) : ∃ regularizing sequence (ρn) in D0 :

lim
n
G(ρn)x = x and lim

n
G(−ρ′n)x = y}.

(9)

It was then shown in [16] that the assertion of Theorem 3.10 holds for densely
defined closed linear operators A with “DSG” replaced by “DSG-L”. Now being
a DSG-L is equivalent to being a dense DSG. Indeed, clearly (3) implies (7) and
moreover

G(ψ)G(ϕ)x = G(ψ ∗0 ϕ)x = G(
∫ ∞

0

ψ(t)τtϕdt)x =
∫ ∞

0

ψ(t)G(τtϕ)x dt

for all ψ ∈ D, ϕ ∈ D0 and x ∈ E, which in turn implies (8). On the other hand, if
G is a DSG-L, then Lemmas 3.2 and 2.1 in [16] imply
G(ψ1)G(ψ2)G(ϕ) = G((ψ11[0,∞[) ∗ (ψ21[0,∞[) ∗ ϕ) = G(((ψ1 ∗0 ψ2)1[0,∞[) ∗ ϕ)

= G(ψ1 ∗0 ψ2)G(ϕ)

for all ψ1, ψ2 ∈ D and ϕ ∈ D0. Hence it follows from (5) that (3) holds.
So it is clear that our definition of the generator coincides with the one given in

[16] for the case of dense DSGs. It does not coincide for non-dense DSGs. In fact
it may be shown that for a non-dense DSG G with generator A the operator given
by (9) coincides with the closure of the restriction of A to D∞(A) :=

⋂
nD(An).

We want to point out that our definition of a DSG cannot be obtained by simply
dropping the denseness assumption (5) from the definition of a DSG-L. Indeed, let
G be a non-dense DSG with generator A. Then D(A) is not dense in E, so there
are x ∈ E and x∗ ∈ (D(A))◦ with 〈x∗, x〉 6= 0. Then G̃ := G+ δ ⊗ 〈x∗, ·〉x satisfies
(7), (4), (8), but not (3).

Moreover, our definition has the advantage of being more algebraic and avoiding
the somewhat crude assumption (8).

4. Representations of distribution semigroups,

local integrated semigroups

It is well known that each distribution is locally the iterated derivative of a
continuous function. We recall the following fact (see for instance [14], Theorem
8.1.5).

Proposition 4.1. Let F be a Banach space, a > 0 and n ∈ N0. Suppose G ∈
D′0(F ) has a continuous extension to the space

Dn
1 [0, a] :=

(
{f ∈ Cn([0, a], F ) : ∀j ≤ n : f (j)(a) = 0}, ‖ · ‖Dn

1

)∼
where ‖f‖Dn

1
:=
∑n

j=0 ‖f (j)‖L1. Then

G(ψ) =
∫ a

0

(−1)n+1ψ(n+1)(t)g(t) dt(10)

for all ψ ∈ D with support contained in ] − ∞, a] where g : [0, a] → F is the
continuous function

t 7→ g(t) := G(In+1
t ),

and In+1
t (s) := ((t− s)n/n!)1[0,t](s).
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Remark 4.2. Note that (In+1
t )′ = −In

t and that (d/dt)In+1
t = In

t if we set I0
t := δt.

We call a function g satisfying (10) a continuous representation of order n +
1 on [0, a] of G. If F = L(E) it may happen that g is strongly differentiable
in which case we call g′ a strongly continuous representation of G. Notice that
(strongly) continuous representations in this sense are unique. In the following we
are interested in strongly continuous representations of DSGs or even pre-DSGs.
We start with

Proposition 4.3. Let G be a pre-DSG in E, a > 0 and n ∈ N. Suppose G has a
strongly continuous representation F of order n on [0, a]. Then

a) For all s, t ∈ [0, a] with s+ t ∈ [0, a],

F (t)F (s) =
∫ s+t

t

(s+ t− r)n−1

(n− 1)!
F (r) dr −

∫ s

0

(s+ t− r)n−1

(n− 1)!
F (r) dr.

(11)

Furthermore

KernT =
⋂

t∈]0,a]

KernF (t) and KernS =

 ⋃
t∈]0,a]

ImF (t)

◦

,

where T ∈ L(N (G)) denotes the kernel operator of G and S denotes the kernel
operator of G(·)∗ (see Lemma 2.2).

b) If G is a DSG with generator A, then

(x, y) ∈ A⇔ ∀t ∈ [0, a] : F (t)x− tn

n!
x =

∫ t

0

F (s)y ds.(12)

The proof is based on the following lemma.

Lemma 4.4. For all n ∈ N0 and s, t ≥ 0,

In
t ∗ In

s = I2n
s+t −

n−1∑
j=0

(
sj

j!
I2n−j
t +

tj

j!
I2n−j
s

)
.

Proof. For n = 0 the assertion is clear. For n = 1 and r ≥ 0 we have

I1
t ∗ I1

s (r) = 1[0,t] ∗ 1[0,s](r) =
∫ r

0

1[0,t](ρ)1[0,s](r − ρ) dρ =
∫ r

0

1[0,t]∩[r−s,r](ρ) dρ.

For s ≥ t this equals

r1[0,t](r) + t1[t,s] + (s+ t− r)1[s,s+t](r)

= (s+ t− r)1[0,s+t](r) − (s− r)1[0,s](r) − (t− r)1[0,t](r).

So the assertion holds for n = 1. If it holds for n ∈ N, we have

(In+1
t ∗ In+1

s )′′ = In
t ∗ In

s − (In+1
s (0)In

t + In+1
t (0)In

s )

= I2n
s+t −

n∑
j=0

(
sj

j!
I2n−j
t +

tj

j!
I2n−j
s

)
.

Integrating twice we get the assertion for n+ 1.
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Proof of Proposition 4.3. Notice first that we have

F (t)x =
d

dt
G(In

t )x

for all x ∈ E and t ∈ [0, a]. We start with a), so let x ∈ E and s, t ≥ 0 with
s+ t ≤ a. Using (3), Lemma 4.4 and Remark 4.2 we get

G(In+1
t )G(In+1

s )x = G(In+1
t ∗ In+1

s )x

= G

I2n+2
s+t −

n∑
j=0

(
sj

j!
I2n+2−j
t +

tj

j!
I2n+2−j
s

)
= G(I2n+2

s+t )−
n∑

j=0

(
sj

j!
G(I2n+2−j

t ) +
tj

j!
G(I2n+2−j

s )
)

=
∫ t+s

s

(s+ t− r)n

n!
G(In+1

r ) dr −
∫ s

0

(s+ t− r)n

n!
G(In+1

r ) dr.

Differentiating this equation with respect to s and once more with respect to t we
obtain (11).

To show the characterization of KernT let x ∈ N (G). Then there are y0, . . . ,
yn−1 ∈ E with F (t)x =

∑n−1
j=0 yjt

j/j! for t ∈]0, a]. If ψ ∈ D is such that ψ = 1 on
a neighbourhood of 0, then integrating by parts n times gives

Tx = G(ψ)x = (−1)n

∫ a

0

ψ(n)(t)F (t)x = ψ(0)

((
d

dt

)n−1

F (t)x

)
|t=0 = yn−1.

For x 6∈ KernT this implies x 6∈ ⋂KernF (t). For x ∈ KernT we get by Lemma
2.2 that G(ψ)x = 0 holds for all ψ ∈ D]−∞,a]. But this implies x ∈ ⋂KernF (t).

Now we get the remaining equality by dualization. If t 7→ F (t)∗ is not strongly
continuous, then t 7→ F1(t) :=

∫ t

0
F (s) ds is a norm-continuous representation of G

of order n+1 and t 7→ F1(t)∗ is a norm-continuous representation of G(·)∗ of order
n+ 1. Hence

KernS =
⋂

KernF1(t)∗ =
(⋃

ImF1(t)
)◦

=
(⋃

ImF (t)
)◦

by the equality already shown, and a) is proved.
To show b) let x, y ∈ E. Suppose first that

∀t ∈ [0, a] : F (t)x− tn

n!
x =

∫ t

0

F (s)y ds

and let ϕ ∈ D[0,a]. Then integration by parts gives

G(−ϕ′)x =
∫ a

0

(−1)n+1ϕ(n+1)(t)
(
F (t)x− tn

n!
x

)
dt

=
∫ a

0

(−1)nϕ(n)(t)F (t)y dt = G(ϕ)y

which implies (x, y) ∈ A. Assume now that (x, y) ∈ A. Since G is a fundamental
solution for A integration by parts gives for all ψ ∈ D]−∞,a]∫ a

0

(−1)n+1ψ(n+1)(t)(F (t)x −
∫ t

0

F (s)y ds) dt = ψ(0)x.
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Hence

∀t ∈ [0, a] : (−1)(n+1)(F (t)x −
∫ t

0

F (s)y ds) = (−1)n+1x
tn

n!
which finishes the proof of b).

Corollary 4.5. Let the assumptions of Proposition 4.3 hold. Then
a) G is a DSG if and only if

⋂
t∈]0,a] KernF (t) = {0}.

b) G is a dense pre-DSG if and only if
⋃

t∈]0,a] ImF (t) = E.

Proof. b) follows from a) by dualization and Lemma 2.7, so let us show a). If
G is a DSG, then KernT = {0}. If G is not a DSG, then N (G) 6= {0}. Hence
KernT 6= {0} since T is nilpotent (see Lemma 2.2), so we are finished by Proposition
4.3 a).

If G is a DSG with generator A we also get operators G(In
t ) according to Defini-

tion 3.1. Notice that these will coincide with the operators obtained by continuous
extension (see Proposition 4.1) in case the latter are defined.

Proposition 4.6. Let G be a DSG with generator A, x ∈ E and n ∈ N0. Then
the following assertions are equivalent.

a) There is a u ∈ C([0, a], E) such that for all ψ ∈ D]−∞,a],

G(ψ)x =
∫ a

0

(−1)nψ(n)(t)u(t) dt.

b) x ∈ ⋂t∈[0,a]D(G(In
t )) and t 7→ G(In

t )x ∈ C([0, a], E).
c) There is a v ∈ C([0, a], E) such that for all t ∈ [0, a],

(
∫ t

0

v(s) ds, v(t)− (tn/n!)x) ∈ A.

Then u = v = G(In· )x.

Proof. a)→b): Let a) hold and ϕ ∈ D0. Then for all ψ ∈ D]−∞,a],∫ a

0

(−1)nψ(n)(t)G(In
t ∗ ϕ)x dt = G(

∫ a

0

(−1)nψ(n)(t)ϕ ∗ In
t dt)x

= G(ψ ∗0 ϕ)x (n times integration by parts)
= G(ϕ)G(ψ)x

=
∫ a

0

(−1)nψ(n)(t)G(ϕ)u(t) dt.

Hence G(In
t ∗ ϕ)x = G(ϕ)u(t) for all t ∈ [0, a]. Since ϕ ∈ D0 was arbitrary and u

is continuous, b) holds.
b)→c): Suppose b) holds. Let ϕ ∈ D0 and t ∈ [0, a]. Then

G(−ϕ′)
∫ t

0

G(In
s )x ds =

∫ t

0

G(−ϕ′ ∗ In
s ) ds x = G(−

∫ t

0

ϕ′ ∗ In
s ds)x.

Since ϕ ∈ D0 we have by Remark 4.2 and (1)

−
∫ t

0

ϕ′ ∗ In
s ds = −ϕ′ ∗

∫ t

0

In
s ds = −ϕ′ ∗ In+1

t

= ϕ ∗ (−In+1
t )′ − In+1

t (0)ϕ = ϕ ∗ In
t −

tn

n!
ϕ.
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Thus

G(−ϕ′)
∫ t

0

G(In
s )x ds = G(ϕ)

(
G(In

t )x− tn

n!
x

)
,

and hence c) follows by putting v := G(In· )x.
c)→a): Suppose c) holds. Let V (ψ) :=

∫ a

0 (−1)nψ(n)(t)v(t) dt for all ψ ∈ D]−∞,a].
Then for those ψ integrating by parts yields

V (ψ) =
∫ a

0

(−1)n+1ψ(n+1)(t)
∫ t

0

v(s) ds dt,

from which we get V (ψ) ∈ D(A) and

AV (ψ) = V (−ψ′)−
∫ a

0

(−1)n+1ψ(n+1)(t)
tn

n!
dt x = V (−ψ′)− ψ(0)x.

Since A is the generator of G this implies V (ψ) = G(ψ)x for all ψ ∈ D]−∞,a]. So
we get a) by putting u := v.

The following proposition will help to get mild solutions of the abstract Cauchy
problem.

Proposition 4.7. Let G be a DSG with generator A and n ∈ N, t > 0. Suppose
x ∈ D(A) with Ax ∈ D(G(In

t )). Then (x,G(In
t )Ax+ (tn−1/(n− 1)!)x) ∈ G(In−1

t ).

Proof. Let ϕ ∈ D0. Then

G(ϕ)
(
G(In

t )Ax +
tn−1

(n− 1)!
x

)
= G(ϕ ∗ In

t )Ax+G(
tn−1

(n− 1)!
ϕ)x

= G(−(ϕ ∗ In
t )′)x+G(

tn−1

(n− 1)!
ϕ)x

= G(ϕ ∗ (−(In
t )′))x = G(ϕ)G(In−1

t )x.

Using Proposition 4.1 we get from Propositions 4.6 and 4.7.

Corollary 4.8. Let G be a DSG with generator A and a > 0. Then there is an
n ∈ N0 such that

{
for all x ∈ E the equation ∀t ∈ [0, a] : A

∫ t

0
v(s) ds = v(t)− (tn/n!)x

has a unique solution v = v(·, x) ∈ C([0, a], E).

(13)

If n ∈ N0 is such that (13) holds then

{
for all x ∈ D(An) the equation ∀t ∈ [0, a] : A

∫ t

0
v(s) ds = v(t) − x

has a unique solution v = v(·, x) ∈ C([0, a], E).

(14)

Definition 4.9. Following [15] and [2] we will call a closed linear operator A in
E satisfying (13) the generator of the local n-times integrated semigroup S : t 7→
v(t, ·) on [0, a]. Note that by the closed graph theorem the closed linear mapping
E → C([0, a], E), x → v(·, x) is continuous, so S defines a mapping with values in
L(E) which is strongly continuous.
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Remark 4.10. In [23] local n-times integrated semigroups on [0, a] are defined as
strongly continuous applications F : [0, a] → L(E) satisfying equation (11) and⋂

t KernF (t) = {0}. This definition is equivalent to Definition 4.9 if we define the
generator A of F by (12). The definition of the generator in [23] is adapted to the
case that

⋃
t ImF (t) is dense in E and is in general not equivalent to the definition

in [2], but it is if A is densely defined.
For the case of (local) integrated semigroups on [0,∞[, (12) is used as a definition

for the generator in [24] (where n = 1) and [18].
The definitions used for exponentially bounded n-times integrated semigroups

(see [1]) involve Laplace transforms and cannot be used in the local situation.

The following theorem was proved in [23] and in [15], [2] for the case that A is
densely defined.

Theorem 4.11. Let A be a closed linear operator in E. Then the following asser-
tions are equivalent:

a) A generates a DSG.
b) For all a > 0 there is an n ∈ N0 such that A generates a local n-times

integrated semigroup on [0, a].
c) There are a > 0 and n ∈ N0 such that A generates a local n-times integrated

semigroup on [0, a].

Proof. The implication a) → b) is Corollary 4.8 and the implication b) → c) is
trivial. So assume c) holds. Let S denote the n-times integrated semigroup gener-
ated by A on [0, a]. Let G0 be defined by G0(ψ)x :=

∫ a

0 (−1)nψ(n)(t)Stx dt. Then
G0 ∈ D′0(L(E,D(A))) and integration by parts gives

(G′0 −AG0)(ψ)x

=
∫ a

0

(−1)n+1ψ(n+1)(t)(Stx−A

∫ s

0

Ssx ds) dt− (−1)nψ(n)(a)A
∫ a

0

Ssx ds

=
∫ a

0

(−1)n+1ψ(n+1)(t)
tn

n!
dt x− (−1)nψ(n)(a)(Sax− an

n!
x)

= ψ(0)x− (
n−1∑
j=0

(−1)jψ(j)(a)
tj

j!
)x− (−1)nψ(n)(a)Sax

= (δ ⊗ IdE −H)(ψ)x

where suppH ⊂ {a}. For x ∈ D(A) we have AG0(·)x = G0(·)Ax, so if K :=
H(·)|D(A), then

G0 ∗ P = G′0 −G0A = δ ⊗ IdD(A) −K.

So a) follows from Theorem 3.10 and the following lemma which is formulated for
convolution equations in the sense of [12] and [13].

Lemma 4.12. Let X and Y be Banach spaces, a > 0, and P ∈ D′0(L(Y,X)),
G0 ∈ D′0(L(X,Y )) be such that

P ∗G0 = I −H and G0 ∗ P = J −K(15)
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where I := δ ⊗ IdX , J := δ ⊗ IdY and suppH ∪ suppK ⊂ [a,∞[. Then P has a
fundamental solution G given by

G := G0 ∗
 ∞∑

j=0

H∗j

(16)

where H∗0 := I and H∗j denotes the j-th convolution power of H for j ≥ 1.

Proof. Note first that suppH∗j ⊂ [ja,∞[ for each j, and so the series in (16) is
locally finite and defines an element in D′0(L(X)) which will be denoted by V . From
(15) we get

P − P ∗K = P ∗ (J −K) = P ∗G0 ∗ P = (I −H) ∗ P = P −H ∗ P,
i.e. H ∗ P = P ∗ K. If we set W :=

∑∞
j=0K

∗j where K∗0 := J this implies
V ∗ P = P ∗W since the convolution is continuous. Now

P ∗G = P ∗G0 ∗ V = (I −H) ∗ V = I

and
G ∗ P = G0 ∗ V ∗ P = G0 ∗ P ∗W = (J −K) ∗W = J,

and the lemma is proved.

5. Distribution semigroups and regularized semigroups

We will use the following definition from [10].

Definition 5.1. A regularized semigroup is a strongly continuous mapping S :
[0,∞[→ L(E) with

kerS0 = {0} and ∀s, t ≥ 0 : StSs = Ss+tS0.

The generator of S is then given by

{(x, y) : lim
t→0

1
t
(Stx− S0x) = S0y}

and is a closed linear operator in E. A given closed linear operator A is said
to generate a C-regularized semigroup where C ∈ L(E) is injective if there is a
regularized semigroup S with S0 = C whose generator is A.

Let now A be the generator of a DSG G in E. We will show that there is an
injective C such that A generates a C-regularized semigroup. For this purpose we
recall the following which was proved in [9], Theorem 1.5 (see also [22], Corollary
2.2, and [10], Theorem 4.15).

Proposition 5.2. Suppose B is a closed linear operator in E with ρ(B) 6= ∅ and
C ∈ L(B) is injective and commutes with B. Suppose further that for all x ∈ ImC
the Cauchy problem

u′(t) = Bu(t), t ≥ 0, u(0) = x

has a unique mild solution. Then B generates a C-regularized semigroup.

Now by Corollary 3.12 there are constants α, β, C > 0 and k ∈ N0 such that

Λ := {ξ + iη : ξ ≥ α log(1 + |η|) + β} ⊂ ρ(A)

and all λ ∈ Λ satisfy
‖R(λ,A)‖ ≤ C(1 + |λ|)k.
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Passing from A and G to A− (β+1) and e−(β+1)(·)G, respectively, we may assume
β ≤ −1 without loss of generality, since A − µ generates the C-RSG (e−µtSt) if A
generates the C-RSG (St).

We denote by Γ the boundary of Λ, i.e.

Γ := {ξ + iη : ξ = α log(1 + |η|) + β},
parameterized by η, i.e. by

γ : R → C, γ(η) := α log(1 + |η|) + β + iη.

Let Log denote the branch of the logarithm that is holomorphic on C\] − ∞, 0]
satisfying Log 1 = 0, and let (·)b := exp ◦(bLog) and

Sb := {z ∈ C \ {0} : | arg z| < π(1− b)
4

}
for all b ∈]0, 1[. We now fix b ∈]0, 1[ and define

Cb,τ := exp(−τ(−A)b) :=
1

2πi

∫
Γ

exp(−τ(−λ)b)R(λ,A) dλ(17)

for all τ ∈ Sb. We will now show that these operators have the desired properties
(see also [10], Example 22.31). We start with

Lemma 5.3. Let τ ∈ Sb. Then Cb,τ ∈ L(E), Cb,τ commutes with A and ImCb,τ ⊂
D∞(A).

Proof. Denote by Ω the complement of Λ in C. Denote by arg the argument on
C\]−∞, 0] with values in ]− π, π[. Then for z ∈ Ω + 1 and τ ∈ Sb we have

−τ(−z)b = −|τ ||z|b exp(i(b arg(−z) + arg τ)).

Thus
| exp(−τ(−z)b)| = exp(−|τ ||z|b cos(b arg(−z) + arg τ)),

which by

lim sup
|z|→∞,z∈Ω+1

b arg(−z) + arg τ =
π(1 + b)

4
and

lim inf
|z|→∞,z∈Ω+1

b arg(−z) + arg τ = −π(1 + b)
4

can be estimated by

const · exp(−|τ ||z|b cos(π(3 + b)/8)).

So the integrand in (17) can be estimated by

C ′ exp(−|τ ||λ|b cos(π(3 + b)/8))(1 + |λ|)k,(18)

which proves the existence of the integral. Thus Cb,τ ∈ L(E). Clearly Cb,τ com-
mutes with A, and we have

ACb,τ =
1

2πi

∫
Γ

e−τ(−λ)b

AR(λ,A) dλ =
1

2πi

∫
Γ

e−τ(−λ)b

λR(λ,A) dλ

(19)

by the resolvent equation and by the equality
1

2πi

∫
Γ

e−τ(−λ)b

dλ = 0,

which we get by Cauchy’s theorem and a standard estimate.
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Letting m ∈ N we get from (19) by induction

AmCb,τ =
1

2πi

∫
Γ

e−τ(−λ)b

λmR(λ,A) dλ,

and thus AmCb,τ ∈ L(E) by the estimation (18) of the integrand, so ImCb,τ ⊂
D(Am). Since m ∈ N was arbitrary, this implies ImCb,τ ⊂ D∞(A).

Now we have to show the injectiveness of the operators Cb,τ which follows from
Lemma 3 in [5] or can be shown by using Theorem II-3 and Lemma II-1 from [3].
For the convenience of the reader we will sketch the proof.

Lemma 5.4. For all τ ∈ Sb the operator Cb,τ is injective.

Proof. In a first step we show

lim
τ→0,τ∈Sb

Cb,τx = x

for all x ∈ D(Ak+2) (see [5], Lemma 1, and [3], Lemma II-1). So let x ∈ D(Ak+2)
and y := A(k+2)x. Then

Cb,τx =
1

2πi

∫
Γ

exp(−τ(−λ)b)
λk+2

R(λ,A)y dλ

for all τ ∈ Sb. Thus by the dominated convergence theorem

lim
τ→0,τ∈Sb

Cb,τx =
1

2πi

∫
Γ

R(λ,A)y
λk+2

dλ.

We deform the curve of integration Γ to ∂K(0, δ), where we choose δ such that
K(0, δ) ⊂ Λ. Since by Cauchy’s formula

1
2πi

∫
Γ

R(λ,A)y
λk+2

dλ =
1

2πi

∫
∂K(0,δ)

R(λ,A)y
λk+2

dλ = A−(k+2)y = x,

the first step is finished.
In a second step we show that (Cb,τ )τ∈Sb

is a holomorphic semigroup (see [5],
Lemma 2, and [3], Theorem II-3). Since the integrand in (17) is holomorphic in
τ ∈ Sb and vanishes with all derivatives sufficiently rapidly in ∞ on Γ, we can
interchange differentiation and integration and the mapping Sb → L(E), τ 7→ Cb,τ

is holomorphic. Let now σ, τ ∈ Sb and Γ′ := Γ + 1/2. In (17) for Cb,σ we can
deform the curve of integration to Γ′. Now by the resolvent equation

Cb,σCb,τ =
1

(2πi)2

∫
Γ′

∫
Γ

exp(−σ(−λ)b) exp(−τ(−µ)b)R(λ,A)R(µ,A) dµ dλ

=
1

(2πi)2

∫
Γ′

exp(−σ(−λ)b)R(λ,A)
(∫

Γ

exp(−τ(−µ)b)
µ− λ

dµ

)
dλ

− 1
(2πi)2

∫
Γ

exp(−τ(−µ)b)R(µ,A)
(∫

Γ′

exp(−σ(−λ)b)
µ− λ

dλ

)
dµ.

The first term in brackets vanishes since the integrand is holomorphic on the left
of Γ. The second term in brackets equals − exp(−σ(−µ)b) by Cauchy’s formula.
Thus

Cb,σCb,τ = Cb,σ+τ

and the second step is finished.
For the third step let τ ∈ Sb and y ∈ KernCb,τ . We will show y = 0. Let

x := A−(k+2)y. Then x ∈ KernCb,τ since Cb,τ commutes with A−1. By the second
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step the holomorphic mapping Sb → E, σ 7→ Cb,σx vanishes on τ+Sb, so it vanishes
everywhere. But then by the first step x = 0, thus y = 0, and Cb,τ is injective.

We are now ready to prove

Theorem 5.5. Let b ∈]0, 1[ and τ ∈ Sb. Then A generates a Cb,τ -regularized
semigroup.

Proof. By Lemmas 5.3 and 5.4 the operator Cb,τ is bounded, injective, commutes
with A and satisfies ImCb,τ ⊂ D∞(A). Since A generates a DSG by Corollary 4.8
(14), the Cauchy problem

u′(t) = Au(t), t ≥ 0, u(0) = x

has a unique mild solution for all x ∈ D∞(A). Thus A generates a Cb,τ -regularized
semigroup by Proposition 5.2, since A has non-empty resolvent set.

Remark 5.6. We remark that for densely defined A Theorem 5.5 is a consequence
of Corollary 3.12 and [11], Theorem 5.2, by letting h(z) := (r−z)n+2 exp(−τ(−z)b)
for a suitable r ∈ ρ(A) and V := C\Λ, and follows also by the proof of [4], Theorem
1’.

The converse of Theorem 5.5 is not true as can be seen from the work of Beals
([5]), and it seems to be an open problem to give a characterization of the generators
of distribution semigroups in terms of regularized semigroups.

After this paper had been accepted the author learned that the definition of a
DSG, i.e. (3) and (4), as well as the assertions of Corollary 4.8 and Theorem 4.11
also appear in [25].
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